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Let F denote an infinite field and G a finite group. Let F(x, ,..., x,,J be a 
rational function field over F and let p(t) E F(x~,..., x,,J[t] be a manic 
irreducible separable polynomial whose Galois group over F(x, ,..., xm) is G. 
Call p(t) a generic polynomial for G over F in case given any extension field 
K of F and any Galois field extension L of K whose Galois group H is a 
subgroup of G there is a substitution xi -+ p, with pi E K sending p(t) to a 
separable polynomial g(t) E K[t] such that L is the splitting field of g(t) 
over K. 
The principal result of this paper is that there is a generic polynomial for 
G over an infinite field F if and only if there is a generic Galois extension for 
G over F in the sense of Saltman [ 111. As a result of this characterization we 
can obtain information about the structure of Saltman’s generic Galois 
extensions, give alternate proofs of parts of the Grunwald-Wang theory in 
the same way as [ 111, and obtain additional insight into a construction of 
Noether [8], and [15, 161. 
Begin by recalling some notions from [8]. Let yi,...,y. be a set of indeter- 
minates on which G acts as a transitive group of permutations. Then G acts 
as a group of automorphisms of F(y, ,...,y,). Let p(t) = nJ’=i (t - y,), then 
p(t) is a manic, separable, irreducible polynomial in F(y, ,..., y,,)‘[t] with 
Galois group G over F(y, ,..., y,)“. If F(y, ,..., u,)” = F(x, ,..., x,,) is a purely 
transcendental extension of F we can write p(t) as a polynomial whose coef- 
ficients are rational functions in the xi. Noether showed in [8] that with the 
exception of certain singular cases (which were eliminated by Kuyk in [6]) 
p(t) is a generic polynomial for G over F. Thus the rationality of 
F(Y, ,...,Y,,)~ is a sufftcient condition for the existence of a generic 
polynomial for G over F. In [ 121 a field extension K of F is called a retract 
rational F-field in case K is the quotient field of an integral domain R which 
is the image under a split surjection of a ring of the form F[x, ,..., x,](l/u) 
with 0 # u E F[x, ,..., x,,,]. We show there is a generic polynomial for G over 
F if and only if when G acts transitively on some set y1 ,..., y, of indeter- 
minates the field F(y,,..., y,)” is a retract rational field. 
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If G is a cyclic group of prime order p Theorem 2.1 of [ 1 l] combined with 
Lemma 5 (or [ 13, Theorem 5(a)]) implies Q(y,,...,y,,)’ is retract rational 
and there is a generic polynomial for G over Q. On the other hand, in [7] it 
is shown that the Dirichlet density of the set of primes p SO that 
WY1 ,.“, y,)” is rational equals 0. In particular, if p = 47, then Q( y, ,..., y,)” 
is not rational [14]. 
If S, and S, are Galois extensions of R with the same Galois group G 
then S, and S, are said to be isomorphic as Galois extensions of R or just 
G-isomorphic in case there is an R-algebra isomorphism from S, to S, which 
commutes with the action of G. 
LEMMA 1. Let S, and S, be Galois extensions of R with Gaiois group G 
and letf: S, + S, be an R-algebra isomorphism. Assume the only idempotents 
in S, are 0 and 1, then there is 4 E Aut(G) so that of(x) =f@(a)(x))fir all 
o E G; x E S,. Moreover, S, is G-isomorphic to S, if and only if 4 is inner. 
ProoJ: Let d(a) = f - ‘uJ Since S, has no idempotents other than 0 and 
1, G = Aut,(S,) by Corollary 3.1.7 [3] so 4 is a bijection on G. It is easy to 
check that d E Aut(G). If d(o) = rut-’ for some r E G, then fr is a G- 
isomorphism from S, to S,. Conversely, if g: S, -+ S, is a G-isomorphism, 
then by Theorem 3.1.6 of [3] we have fr = g for some r E G, and 
#(CT) = ncl for all u E G. 
With the hypothesis of Lemma 1 the ways S/R can be made a G-Galois 
extension differ only by the designation of G as a group of automorphisms of 
S. When idempotents are present he situation is more complicated. Let H, 
and H, be isomorphic subgroups of a finite abelian group G and let L be a 
Galois field extension of F whose Galois group is isomorphic to H, and H,. 
Assume F is a splitting field for G. Then FG a,, L and FG OFHl L are 
Galois extensions of F with Galois group G which are isomorphic as F- 
algebras (both are F isomorphic to a direct sum of [G: H,] copies of L). Yet 
if by some designation of the action of G one could make FG &,, L and 
FG &Hz L isomorphic as Galois extensions then H, and H, would be 
conjugate under an automorphism of G by paragraph 2 page 7 of [ 111. One 
can always choose G and H,, H, for which this is not the case. 
DEFINITION 1 [ 11, Def. 1.11. An extension S/R of F-algebras is generic 
for G over F in case 
(a) R = F[x, ,..., x,]( I/s) for some 0 # s E F[x, ,..., x,,,]; 
(b) S/R is Galois with group G; 
(c) If K is any field extension of F and L is any Galois extension of K 
(L not necessarily a field) with group G, then there is an F-homomorphism 
0: R -+K so that S@,K zL as K algebras. 
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DEFINITION 2 [ 11, p. 2751. The pair (G, F) has the lifting property if for 
all local F-algebras T with maximal ideal m and all G-Galois extensions L/K 
with K = T/m there is a G-Galois extension T’/T so that T’ OT T/m z L as 
K-algebras. 
These definitions are modifications of the corresponding ones in [ 1 I]. In 
[ 111 it is required in 1 (c) that S 0, K z L as Galois extensions of K and in 
2 that T’ &/m z L as Galois extensions of K. As a consequence of 
Lemma 1 and the remark which follows it the definitions we have given 
appear to be weaker than the corresponding ones in [ 111 but we now observe 
this is not the case. 
LEMMA 2. Assume (G, F) has the lifting property. Then for all local F- 
algebras T with maximal ideal m and all G-Galois field extensions L/K with 
K = T/m there is a G-Galois extension T’/T so that T’ or T/m z L as 
Galois extensions of K. 
Proof: Since (G, F) has the lifting property we can find T’ so that 
T’ or T/m EL as K-algebras. Since L is a field, Lemma 1 gives that the 
actions of G on L and T’ or T/m differ by an automorphism of G. By 
redesgnating the action of G on T’ we have T’ Or T/m s L as Galois 
extensions’of K. 
By proceeding as in the proof of the converse of Theorem 5.3 of [ 111 
except applying Lemma 2 rather than the lifting property in Definition 2 one 
has that the lifting property implies the existence of a generic Galois 
extension in the sense of [ 111. Combining Theorem 5.3 of [ 111 with this 
remark gives the equivalence of Definitions 1 and 2 with each other and the 
corresponding definitions in [ 111. 
LEMMA 3. Let R be a local F-algebra, let S be a Galois extension of R 
with group G, and let G act as a transitive group of permutations on 
y ,,..., y,. Then there exists {a ,,..., a,,} c S so that 
(1) S=R[a ,,..., a,]. 
(2) o(aJ = ai f and only if a( yi) =yj all 1 < i, j < n, u E G. 
(3) g(t) = l-I:= 1 (t - ai) E R [t] is a separable polynomial. 
(4) For any given q( y1 ,..., y,) E F[ y, ,..., yn] the ai can be chosen so 
that q(a, ,..., a,) E Units(S). 
Proof. First assume R is a field. Form a matrix whose rows and columns 
are indexed by the elements of G and whose typical entry is x,-,,. By 
Lemma 5.2 of [I l] there is a normal basis {u, ] (T E G} of S so that 
det(u-,,) is a unit in S. Let R [X] = R [xc ] u E G] and S[X] = R [X] @ S. 
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Let 4 = Cocc -v, in S and let 19, = t(0,) for all r E G. Here 
m> = LG X,%,* Since det(u,-,,) is a unit in S, each of the x, is a linear 
combination over S of the 8,. An easy argument gives that the 0, are 
algebraically independent over R. There is a partition N, U -*a UN, of {8,} 
so that o(Ni) = Nj if and only if a(y,) = yj (just let N, be the conjugates of 8, 
under H = {o E G ] a(yi) = y,} and let Ni be the distinct conjugates of N, 
under G). Let zi be the sum of the elements in Ni. The zi are algebraically 
independent over F. From 0.2(c) of [ 1 l] choose 0 # u E F[ yi ,..., yn] so that 
S, = F[y i,..., y,](l/u) is a Galois extension of R, = Sz. Let q*(z ,,..., zn) = 
n UEG U{U(ZI ,***> ZJ q(z, 9***, zn) n,,, (zi - zj)). Since q* is fixed by G we 
can write q*(zl ,..., zJ = h( . . . . x, ,... ) E R [X] and by algebraic independence 
of zi )...) z,, q* # 0. Since R is infinite there is a substitution x, + a, with 
a, E R and A(..., a,,...) # 0. Fix such a substitution. There is induced a 
substitution zi --+pi with pi E S. Now q@ ,,..., p,) E Units(S) since 
q*(jI, ,...,/I,) E Units(R). The substitution x, + a0 induces a homomorphism 
w: R [X] -+ R so that S E S[X] Ocl R as Galois extensions of R. Thus 
a(/?,) =pj if and only if a(~,) = yj. The substitution yi + /Ii induces a 
homomorphism 4: S, -+ S which is an R-algebra homomorphism commuting 
with the action of G. This induces a G-homomorphism 4 @ 1: S, 0, R -+ S 
which is an isomorphism by Theorem 3.4 of [2]. Since S, = R,[y,,...,y,] we 
have S = R [/?, ,...,y,]. Moreover, (/Ii - pj) E Units(S) so g(t) = n (t -pi) is 
separable over R by Theorem 3.4.4 of [3]. This proves the lemma when R is 
a field. In general let m be the maximal ideal of R and let a, E S be a 
preimage of/J, in S/mS under the natural map. Let ai = o,(a,), where ui E G 
and a,(~,) =yi. Then ai is a preimage of /Ii and by Nakayama’s lemma 
S = R [a, ,..., a,,]. Conditions (2~(4) of the lemma are immediate. 
Note. Lemma 3 is just the Normal Basis Theorem when G acts as a 
regular permutation group on the y,.. One should compare the statement and 
proof of Lemma 3 with the corresponding result for fields which can be 
found on pages 34-36 of [6]. 
LEMMA 4. Let G act as a transitive group of permutations on a set 
y, ,..., y, of indeterminates. Let L = F(y , ,..., y,) and let K = LG. Then there is 
a normal domain R with quotient field K and integral closure S in L such 
that 
(1) R is finitely generated as an F-algebra. 
(2) S is a Galois extension of R with group G. 
(3) S =R[Y,,...,Y,]. 
(4) There is Ofv~F[y ,,..., y,,lG with S=F[y, ,..., y,](l/v). 
Proof. By a theorem of Noether [9, p. 621 K is the quotient field of a 
domain R, which is finitely generated over F. Since R, is Noetherian the 
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integral closure R r of R, in K is finitely generated over R, [ 17, Theorem 9, 
p. 2671 so R, is finitely generated over F. Let S, by the integral closure of 
R, in L. By [0.2(c) of 111 there is a 0 # U, E R, such that S, = S,(l/v,) is a 
Galois extension of R, = R,(l/u,) with Galois group G. For each i write 
yi = s,/t, with si, t, E S,. Let v2 = nosG u(n:=r t,.), then u2 E R, and 
S, = S,(l/u,) is a Galois extension of R, = R2(1/u2), with 
R3[y,,...,y,] cS,. Since R,[y,,...,y,] is Noetherian we can find 
uj E R,[y,,..., y,] so that R,[y,,..., y,](l/u,) is integrally closed in L. Let 
uj = noEG (T(z+) and let S, = S,(l/u,), R, = R,(l/v,). Then R,[y,,...,y,] is 
integrally closed in L and R,[y,,..., y,] E S,. Any ring of quotients by a 
multiplicatively closed set of a normal domain is a normal domain [ 17, 
p. 2611 so R, is a normal domain whose integral closure in L is S,. Since 
R,[Y r,..., y,] is integral over R, and has the same quotient field as S, we 
have R.,[ y, ,..., Y,] = S,. Let q,P,,..., ak,Pk be a set of generators of S, over 
F with ai, pi E F[ y, ,..., y,]. Let v4 = noEG a(n;, r pi), then v, E R, since 
each Pr E S,. Let R = R4(1/uJ and S = S,(l/v,) and let v = vq. Then 
S =F[Y,,...,Y, 1(1/v) and the extension S/R satisfies the four conclusions of 
the lemma. 
The following generalizes Theorem 5(a) of [ 121: 
LEMMA 5. Let G act as a transitive group of permutations on the set 
y, ,..., y,, of indeterminates. There is a generic extension for G over F if an-d 
only if F( y, ,..., y,)” is a retract rational F-field. 
Proof. Assume there is a generic extension for G over F. Let R and S be 
as in Lemma 4. We show R satisfies the following condition which by 
Theorem 4 of [ 121 is equivalent o showing F( yr ,..., y,)” is retract rational: 
Suppose T is a local F-domain with maximal ideal m and 
canonical map q: T-+ T/m. Assume 4: R + T/m is an F- 
homomorphism. Then 4 lifts to a map 4’: R such that $ = ~4’. 
Let fl= S 0, T/m, then fl is a Galois extension of T/m with group G. 
The lifting property implies there is a Galois extension N of T with group G 
so that T/m 0 N z fl as Galois extensions. By Lemma 3 there are Q, ,..., a, 
in N so that the map 4’(yi) = ai induces a well-defined homomorphism 
4’: S -+ N which commutes with the action of G. Thus #’ ( R induces a 
homomorphism from R into T and N E S @#, T as Galois extensions of T. 
Since S @# T/m = N r S @,, T 0, T/m as Galois extensions of T/m it 
follows that d = ~4’. 
Conversely, assume F( y, ,..., y,) ’ is retract rational over F. There is a 
domain R, with quotient field F(y, ,..., yn)’ and a split surjection 
F[x ~,...,x,lW)F!R, f or some set of indeterminates {x1,..., x,,,} and 
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0 # s E F[x, )...) x,,,]. Let R and S be as in Lemma 4. There is a U, E R, and 
u, EF[y,,...,y,lG so that R,(l/u,) = R(l/v,). Replace R, by R,(l/u,) and s 
by itself times the image of o, in F(x ,,...,x,](l/v), replace R by R(l/v,) and 
S by S( l/v,). Then we can assume there is a split surjection 
F[” i ,..., x,1(1/s) 2: R. We claim S Brn F[x, ,..., x,1(1/s) is generic for G 
over F. The first two conditions of Definition 1 are clear. For the third let K 
be a field extension of F and L a Galois extension of K with group G. By 
Lemma 3 there are a, . . . a, in L satisfying conditions (l)-(4) of the lemma 
and the assignement yi +* ai induces an isomorphism S 0, K z L of Galois 
extensions. But S 0, K E S 0, F[x, ,..., xm]( l/v) 0, R am L so 4~ realizes 
L/K. 
THEOREM 1. Let F be an infinite field and G a finite group. There is a 
generic Galois extension for G over F if and only if there is a generic 
polynomial for G over F. 
ProoJ Assume there is a generic Galois extension for G over F. Let G 
act as a transitive group of permutations on y, ,.,., y,. Let S and R be as in 
the proof of the converse of Lemma 5 with a given split surjection 
F[X I,..., x&/s) 2: R. Let Pa(t) = nl= 1 tt -Vi) E R itI and let 
p(t) E F(x, v..., x,,J[t] be the image of PO(t) under #. Now 
Fb i,..., x,1(1/s) 0, S is a Galois extension of F[x~,..., x,1(1/s) with no 
idempotents other than 0 and 1 since R 0, [F[x,,..., x,1(1/s) 0, S] = S 
and S is a domain. Thus by 4.3 of [5] F[x,,...,x,](l/s) 0, S is a domain 
whose quotient field is F(x,,..., x,,J 0, S. Thus p(t) is a manic, irreducible, 
separable polynomial over F(x, ,..., x,J with Galois group G. Let K be any 
extension field of F and L any Galois field extension of K with Galois group 
H a subgroup of G. Let Indg(L) = KG BKH L. Then Indz(L) is Galois over 
K with group G [ 11, Proposition 0.31. By Lemma 3 there is an assignment 
Yi --r@ ai with ai E Indg(L) so that S 0, K g Ind&!,) and g(t) = 
ny= 1 (t - ai) E K[tI is separable. Note g(t) is the image of p(t) under & 
and is given by the substitution xi --t &(x,) = ai. Finally, if 7c is a K-algebra 
projection of Indg(L) onto L, then L is generated over K by {n(ai)} which 
are roots of g(t) in L so L is a splitting field of g(t), 
Conversely assume p(t) E F(x, ,..., x,,J[t] is a generic polynomial for G 
over F. Write p(t) = C (a/hi) t’, where ai, bi E F[x~,..., x,] and let a/b be 
the discriminant of p(t) with a, b E F[x~,..., xm]. Let s = (JJi bi) ab and let 
R = F[x, ,..., xm]( l/s). Let L be th e splitting field of p(t) over F(x, ,..., x,,,) 
and let S be the integral closure of R in L. Then S/R is a Galois extension of 
F-algebras with Galois group G by [3, Proposition 1.2.1, p. 801 and S is a 
splitting ring for p(t) over R. Let K be any extension field of F and L any 
Galois extension of K with group G. Let e be a primitive idempotent in L 
and write L=Le@L(l-e). Let H={oEG]o(e)=e}. Then Le is a 
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Galois field extension of K with group H. Since p(t) is a generic polynomial 
there is a substitution x1 +/I, with pi in K sending p(t) to a separable 
polynomial g(r) E K[t]. The image of s under this subsitution must be 
nonzero so there is a homomorphism $: R + K with Le a splitting field of 
4(p(t)). Thus by 0.4 of [ 1 l] both L and S a0 K are isomorphic to Indg(Le) 
as K-algebras. This verities the third condition of Definition 1. 
COROLLARY 1. If a generic Galois extension for G over F exists, then 
there is a generic Galois extension S/R so that S is the splitting ring of a 
separable polynomial in R [t]. 
COROLLARY 2. If a generic Galois extension for G over F exists, then 
there is a generic Galois extension S/R so that S = R(a) with a the root of a 
generic polynomial in R [t 1. 
Proof. Let { y, 1 u E G} be indeterminates affording the regular represen- 
tation of G as a group of permutations. The generic polynomial 
corresponding to this representation has degree [G: 11. If S/R is the generic 
Galois extension constructed from the generic polynomial as in the second 
part of the proof of Theorem 1, then S = R [a], where a is any root of the 
generic polynomial. 
As an application of generic polynomials we present an alternate form of 
Theorem 5.9 of [ 1 l] which gives a part of the Grunwald-Wang theory as a 
corollary. 
THEOREM 2. Let K be an extension fteld of F and let v,,..., v, be 
inequivalent real valuations on K. Let Ki be the completion of K with respect 
to vi and L,/K, Galois field extensions with Galois group Hi a subgroup of G 
(1 < i < n). If there is a generic polynomial for G over F then there is a 
separable polynomial g(t) E K[t] such that L, is the splitting field of 
g(t) E Ki[t] (1 < i < n). 
Proof Let p(t) E F(x i ,..., x,)[t] be a generic polynomial for G over F. 
Let di : xj + aij (ai, E Ki) be a set of subsitutions uch that Li is the splitting 
field of the separable polynomial g,(t) over K, determined by oi. By 
Krasner’s lemma [ 11, Lemma 5.71 there is a 6, > 0 such that if aij E K with 
vi(aij - aij) < di for all j, then the substitution xj+ a, sends p(t) to a 
separable polynomial gi(t) E K[t] such that Li is the splitting field of gi(t). 
Let 6 = min di. Since the vi are inequivalent we can find aj E K so that 
vi(aj - aij) < 6 for all i. The substitution xj + aj sends p(t) to a separable 
polynomial g(t) E K[t] satisfying the conclusion of the theorem. 
Note. Combining Theorem 1 with Theorem 2.1 [ 11) and its converse 
which is given in [ 131 we have that if F is a field of characteristic = 0 there 
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is a generic polynomial for abelian G over F if and only if F@)/F is a cyclic 
Galois extension where p is a primitive 2”’ root of 1 and 2” is the exponent 
of the Sylow 2-subgroup of G. Combining this fact with Theorem 2 gives 
Wang’s correction and generalization of the original Grunwald Theorem. 
Note. Let F be a Hilbertian field (e.g., an algebraic number field) and 
assume there is a generic polynomial for G over F. Then by the Hilbert 
irreducibility theorem there is a Galois field extension L of F with group G. 
Producing field extensions with a preassigned Galois group was what 
motivated Noether in [8]. A class of groups G so that there is a generic 
polynomial for G over F is given in sections 3 and 3 of [ 111. 
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